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We study a deSitter/Anti-deSitter/Poincare Yang-Mills theory of gravity in d-space-time dimen-
sions in an attempt to retain the best features of both general relativity and Yang-Mills theory:
quadratic curvature, dimensionless coupling and background independence. We derive the equa-
tions of motion for Lie algebra valued scalars and show that in the geometric optics limit they
traverse geodesics with respect to the Lorentzian geometry determined by the frame fields. Mixing
between components appears to next to leading order in the WKB approximation. We then restrict
to two space-time dimensions for simplicity, in which case the theory reduces to the well known
Katanaev-Volovich model. We complete the Hamiltonian analysis of the vacuum theory and use
it to prove a generalized Birkhoff theorem. There are two classes of solutions: with torsion and
without torsion. The former are parametrized by two constants of motion, have event horizons for
certain ranges of the parameters and a curvature singularity. The latter yield a unique solution, up
to diffeomorphisms, that describes a space constant curvature .
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I. INTRODUCTION
General Relativity is often called a gauge theory of the gravitational field, but it is not a gauge theory of the Yang-
Mills type. In the latter, the action functional SYM [A] is quadratic in the curvature of a connection A of principle
bundle over the spacetime manifold (MD,g), where g is a given non-dynamical Lorentzian metric on MD:
SYM [A] =
1
8g2YM
∫
MD
dDx
√−ggµνgαβFAµαFBνβhAB. (1)
In the above, gYM is the gauge coupling constant. It has dimension Length
D
2
−2, and hence is dimensionless in 4D;
the gµν are the contravariant components of the metric tensor g; the FAµα are the components of the curvature of the
2connection; the indices A,B = 1, 2, ..., n are in the adjoint representation of the gauge group; and finally hAB are
components of the Cartan-Killing metric of the group. It is the fact that g2YM is dimensionless in 4-D which permits
Yang-Mills gauge theories to be perturbatively renormalizable
By contrast, the Einstein-Hilbert action of General Relativity is linear in the curvature of the Christoffel connection
of the Lorentzian metric. There is no background: the metric g is dynamical. Moreover, the coupling constant
in Einstein gravity has dimension Length−2 in four spacetime dimensions. It is this which has stalled progress in
constructing quantum gravity starting from Einstein’s theory.
It was perhaps Townsend [1] who first highlighted the fact that the gravitational constant has the dubious distinction
of being the only dimensionful fundamental constant (the others being ~ and c) that is tied to a specific dynamical
theory. He therefore suggested that the gravitational constant G should somehow be linked directly to the structure
of spacetime. This could be achieved by replacing the Poincare group as a potential local gauge symmetry of gravity
by the deSitter group, which necessarily entails a dimensionful constant. With this as motivation, he proceeded to
consider a Yang-Mills type Lagrangian for gravity with the deSitter group as gauge group.
Besides those of Townsend, there have in fact been many attempts to construct a Yang-Mills type gravitational
theory. The first was by Weyl almost one hundred years ago, and the goal was to unify gravity with electromagnetism
[2]. Work in the 70’s and 80’s, inspired by the work of Utiyama, Yang and Mills on non-Abelian gauge theories, con-
structed Yang-Mills type theories with gauge groups associated with gravity, for example the Poincare, DeSitter/anti
DeSitter and Conformal groups [3]. More recently, J. T. Wheeler[4] and collaborators have worked on 4D Yang-Mill
gravity, with the conformal group SO(4,2) as the gauge group, while H.-Y. Guo[5] and his collaborators have tackled
the de Sitter case.
In the first order formalism of Einstein gravity- the so-called Einstein-Cartan action- the equations of motion
force the torsion to be zero. In Yang-Mills gravity this does not happen. Generically, the spacetime geometry has
non-vanishing torsion as well as (quasi-)Riemannian curvature [3, 5]. The consequences of this for the viability of
such theories is still an open question. We note here the result of [6] that torsion de-stabilizes anti-de Sitter 2+1
dimensional spacetime.
In spite of its quantum motivation, little progress has been made in quantizing Yang-Mills gravity. In fact, to date,
there has been no canonical analysis of such theories, a necessary first step towards understanding the quantum theory.
In this paper we begin to close this gap. After a general discussion that includes a discussion of the coupling to matter
showing that, to leading order in the geometric optics limit, Higgs fields propagate along geodesics of the Lorentzian
geometry, we will undertake the construction of the canonical form of a toy model of Yang-Mills gravity, wherein the
spacetime is two dimensional, and the gauge group is the lineland version of de Sitter/anti-de Sitter/Poincare gravity,
that is, SO(2,1)/SO(1,2)/ISO(1,1). In this case, the Lagrangian reduces to a special case of the Katanaev-Volkov
model[7], which was extensively studied in a somewhat different context in the 1990’s[8]. We will solve the Hamiltonian
equations of motion for the vacuum case, finding in the case of zero torsion that the solutions are equivalent to those
of Jackiw-Teitelboim dilaton gravity [9].
II. GENERAL FORMALISM
A. Algebra and Action
In this section we outline the general procedure for constructing a gauge theory of gravity in a D-dimensional
spacetime. We note here the record of such attempts sampled in [1–5]. The ‘kinematical’ gauge group associated with
such a theory is one SO(D,1)/SO(D-1,2)/ISO(D-1,1), corresponding to positive/negative/zero cosmological constant.
The generators JA = (Ja, Fab) with A = 0, 1, ..., D; a, b = 0, 1, ...D− 1 obey
[Ja, Jb] = −2ηDDJab; (2)
[Ja, Jbc] = −1
2
(ηacJb − ηabJc) ; (3)
[Jab, Jcd] = −1
2
(ηacJbd + ηbdJac − ηbcJad − ηadJbc) , (4)
where ηab is the (D)-dimensional Minkowski metric. If ηDD = 1,−1, 0, then the gauge group is, respectively,
SO(D,1)/SO(D-1,2)/ISO(D-1,1).
The gauge potential is decomposed according to
Aµ = λe
a
µJa + ω
ab
µ Jab, (5)
3where the constant λ has dimension L−1, so that with the vielbein eaµ dimensionless, the spin-connection ω
ab
µ and the
gauge potential Aµ have dimension L
−1. The generator of translations, i.e. the 2-momentum, Pa has dimension L
−1
and is related to the above via:
Pa = λJa (6)
When working in terms of Pa, λ appears directly in the commutator algebra as opposed to the definition of the gauge
potential. It is for this reason that Townsend[1] considered it to be a property of the spacetime structure, rather than
a coupling constant.
Note that although it would be natural to identify λ with the dimensionally appropriate power of the gYM , up to
a dimensionless number of order unity, in order to keep things as general as possible we keep them distinct in what
follows.
We note here that the structure constants for any of the DS/ADS/Poincare gauge groups have structure constants
f [cd]ab = −2ηDDδ[ca δd]b ;
fda[bc] = −δd[bηc]a;
fef [ab][cd] = −2δ[e[aηb][dδ
f ]
c] . (7)
The Cartan-Killing metrics on the gauge groups, defined by hij := 2f
k
ilf
l
jk are all of the form
hab = −2DηDDηab;h[ab][cd] = −D (ηacηbd − ηbcηad) . (8)
The field strength is defined as usual:
F =
1
2
F ijµνdx
µ ∧ dxν : = dA+ 1
2
[A,A]
= λT aJa +Ω
abJab. (9)
Thus [F ] = L−2. The Lie algebra valued 2-forms Ω and T are respectively the ‘curvature plus volume element’ and
torsion of the spin connection ω:
Ωab := dωab + ωac ∧ ωcb − λ2ηDDea ∧ eb; (10)
T a := dea + ωab ∧ eb. (11)
In the above, indices a, b, ... = 0, 1, 2, D − 2 are raised and lowered by the Minkowski metric ηab. and e.g. F a :=
1
2F
a
ijdx
i ∧ dxj . Thus [T aµν] = L−1 and [Ωabµν] = L−2. Most importantly, the ‘background metric’,
gµν := ηabe
a
µe
b
ν , (12)
is not fixed, but is subject to the dynamics determined by the equations of motion for the gauge field.
The action can be written explicitly in the form S = SEH + S1, where
SEH : =
Dλ2
2g2YM
∫
dDx
√−g
(
R− λ2ηDDD(D − 1)
2
)
; (13)
S1 : = − D
4g2YM
∫
dDx
√−g
(
K
2
+ λ2ηDDTaµνT
aµν
)
, (14)
where K := RabµνRabµν .
Comparing the term SEH to the usual Einstein-Hilbert action, we find that the Newton gravitational constant in
D dimensions, GD, (in units where the speed of light is one) is related to the gauge coupling constant G and the scale
factor λ by
GD =
g2YM
8πDλ2
. (15)
In general GD has dimensions of L
D−2, so that it is dimensionless in 2 spacetime dimensions. We also remark again
that D = 4 is also special in that gYM is dimensionless.
To close this section, we consider the issue of the background metric g. In the following, as in most of the
literature on Yang-Mill gravity, the ‘background’ gµν will not really be a background, but is rather, dynamical, via
gµν := ηabe
a
µe
b
ν . One pays a price for this, however, in that the gauge transformations generated by the ‘translations’
Ja no longer preserve the action: some of the gauge symmetry is broken.
4B. Adding Matter
Torsion theories are distinguished by the fact that the field content describes more than one kind of geometry.
There is curvature associated with the Riemannian metric used to raise and lower indices, and there is also the
Riemann-Cartan connection and associated curvature. When the torsion is non-zero, the metric compatible with the
Riemann-Cartan connection is not the same as the Riemannian metric constructed out of the fierbeins/vielbeins. The
only way to decide which geometry is relevant in a particular physical context is to look at matter couplings.
It is straightforward to add most forms of matter using the principle of minimal couple. Only spinors will couple
directly to the torsion, whereas all other matter Lagrangians will just depend on eaµ. Here we consider a Higgs-like
scalar φA(x) that takes its values in the adjoint representation and couples to the vacuum action via S = SYM+Shiggs,
where
Shiggs =
∫
M2
d2x
√−ggµνhijDµφiDνφj . (16)
.
Thus the matter field obeys the gauge covariant wave equation
DµD
µφi = 0. (17)
In the geometric optics limit, a wave field has approximately constant amplitude, but varying phase. Thus for a
Higgs type of matter we write
φj = RjeiS
j/~ (18)
Note that the Lie algebra index j = 0, 1, 2 is not summed over here, or subsequently.
Now the geometric optics limits has particles traveling with momenta k
(i)
µ = ∂µS
i orthogonal to the constant
surfaces Si(t, x) = const. Also, ∇µ is the Lorentzian covariant derivative with respect to the background metric
gµν = ηabe
a
µe
b
ν . We assume that the amplitudes R
j are slowly varying compared to the phase. The wave equation
DµDµφ
j = 0 becomes, after dropping terms in ∂µR
j and keeping only terms of leading and subleading orders
(1/~2, 1/~, respectively)
0 = − 1
~2
eiS
j/~Rjk(j)µk(j)µ +
i
~
(
eiS
j/~Rj∇µk(j)µ + 2eiS
l/~f jklA
(k)µk(l)µ R
l
)
. (19)
Hence, to leading order
Cj := −Rjk(j)µk(j)µ = 0 (20)
Note that this expression is real. The gauge covariant derivative of Cj reduces to the partial derivative. Thus,
to leading order kjν∇µkjν = 0. Using the smoothness of the phase Sj in order to change the order of partial
differentiation we find that kjν∇νkjµ = 0. Thus to leading order the trajectories are null geodesics of the Lorentzian
geometry compatible with the frame-field eiµ on spacetime.
The subleading terms are pure imaginary terms, and hence
eiS
j/~Rj∇µk(j)µ + 2eiS
l/~f jklA
(k)µk(l)µ R
l = 0 (21)
The latter are more complicated because of the relative phase factor.
III. 1+1 DIMENSIONS: ACTION AND COVARIANT EQUATIONS OF MOTION
Things simplify quite a bit in 1+1 dimensions. The group is SO(2, 1), SO(1, 2), ISO(1, 1) respectively, for k :=
−η22 = −1,+1, 0 with generators Ja, J , and algebra:
[J, J ] = 0 (22)
[Ja, Jb] = kǫabJ
[J, Ja] = ǫa
bJb (23)
Note that J generates an Abelian one dimensional subalgebra.
A = λeaJa + ωJ (24)
5As before we split the curvature into
F = ΩJ + λT aJa (25)
where Ω := dω + k2λ
2ǫabe
a ∧ eb and T a := dea − ǫabω ∧ eb. That is:
Ωµν = ∂µων − ∂νωµ + kλ2Vµν (26)
T aµν = ∂µe
a
ν − ∂νeaµ − ǫab(ωµebν − ωνebµ) (27)
with Vµν := ǫabe
a
µe
b
ν . To recover the expressions from the previous section, in an arbitrary number of dimensions,
we replace ω = 12ǫ
abωab. Note that V
µνVµν = −2 and k := −η22. The cartan metric hij = hji is defined to be:
hij := −2fkilfljk (28)
with components:
h22 = −4 (29)
hab = −4kηab (30)
ha2 = 0 (31)
The action Eq.(1) becomes:
SYM =
1
4λ2
∫
d2x
√−g
(
−R˜2 − kλ2T aηabT b + 2k2λ4 + 2kλ2V µνR˜µν
)
, (32)
with
R˜µν := ∂µων − ∂νωµ (33)
The last term in the action corresponds to the usual Einstein-Cartan term. In 2-dimensions it is a total divergence and
will be dropped. Note that when k = 0, the above action reduces simply to a single term, namely the curvature-squared
term.
The action (32) corresponds is of the same form as the Katanaev-Volovich model of 2-D gravity with torsion[7, 8],
albeit with a specific ratio of coefficients determined by the gauge coupling parameter.
The equations of motion are the critical points of the action functional (32). That is, since the the spin-connection
ωµ and the frame-fields e
a
µ are functionally independent and
δS =
1
λ2
∫
d2x
√−g (Wµδωµ + Eaµδeaµ) , (34)
we have that a necessary condition for a critical point is that
Wµ := −∇νR˜µν − CǫabeaνT bµν = 0; (35)
Eaµ := −CDνT aµν + eaντµν +
C2
2
eaµ = 0. (36)
where we have defined C := kλ2. As well, the above spacetime tensor indices µ, ν, ... are raised and lowered by
the ‘background metric’ gµν := ηabe
a
µe
b
ν . There are two covariant derivatives. The first, ∇ν , is with respect to the
background Lorentzian metric gµν , while the second, Dν is with respect to the spin-connection. That is
DνT
aµν := ∇νT aµν − ǫabωνT bµν . (37)
Finally, the tensor τµν is defined as
τµν := R˜pi
µR˜piν + CηabT
a
pi
µT bpiν
− 1
4
gµν
(
R˜2 + CT 2
)
, (38)
where R˜2 := R˜µνR˜
µν and T 2 := ηabT
a
µνT
bµν .
6IV. HAMILTONIAN ANALYSIS
We parametrize the ‘background metric’ gµν = ηabe
a
µe
b
ν , where the frame-field components are the Ja components
of the gauge potential Aµ = λe
a
µJa + ωµJ . We write:
e0 = ndt+ pdx; e1 = qN1dt+ qdx. (39)
We note that the metric is:
gµν =
(−(n2 − q2(N1)2) −np+ q2N1
−np+ q2N1 q2 − p2
)
(40)
√−g = qN, (41)
where N := n−N1p. Note also that
gµν =
1
q2N2
( −(q2 − p2) −np+ q2N1
−np+ q2N1 (n2 − q2(N1)2)
)
(42)
Another potentially useful form of the metric is:
ds2 = − q
2N2
q2 − p2 dt
2 + (q2 − p2)
(
dx+
q2N1 − np
q2 − p2 dt
)2
(43)
As before, we define:
F = ∂0ω1 − ∂1ω0 , (44)
and
T 0 = p˙− n′ + q(ω1N1 − ω0);
T 1 = q˙ − (qN1)′ − ω0p+ ω1n. (45)
The action is
SYM =
1
2λ2
∫
d2x
[
1
Nq
(F 2 + kλ2(T 1)2 − kλ2(T 0)2) + λ4Nq
]
. (46)
Note that for the group ISO(1,1) (i.e. k = 0) only the F 2 term remains. In two dimensions this gives a rather trivial
solution space so we henceforth consider only k = ±1.
The momenta canonically conjugate to p, q, n,N1, ω0, ω1 are respectively
Πp = −kT
0
Nq
; (47)
Πq =
kT 1
Nq
; (48)
Πn = 0; (49)
Π1 = 0; (50)
P0 = 0; (51)
P1 =
F
λ2Nq
. (52)
The total Hamiltonian density is ‘pure constraint’:
H = NHs +N
1D + ω0M, (53)
where the Hamiltonian constraint Hs is
Hs :=
q
2
(−kΠ2p + kΠ2q + λ2P 21 )−
1
4
q −DΠp, (54)
7the diffeo constraint D is
D := −qDΠq − pDΠp, (55)
where DΠq := Π
′
q + ω1Πp and DΠp := Π
′
p + ω1Πq. Finally the ‘Gauss law constraint’ is
M := −P ′1 + qΠp + pΠq. (56)
Note that above, Π′q := ∂xΠq is the spatial derivative.
The self-consistency of these constraints, that is 0 ≈ H˙s(x) = [Hs(x),
∫
dyH(y)], etc., must be checked. We smear
the constraints: Hs[u] :=
∫
dyu(y)Hs(y), etc., and find
[Hs[u], Hs[v]] = 0; (57)
[Hs[u],M [v]] =
∫
dx
uv
q
(pHs −D) ≈ 0; (58)
[Hs[u], D[v]] =
∫
dx
{
λ2uvqP1M +
uvω1
q
D − v
q
(qu′ + uω1p)Hs
}
≈ 0; (59)
[D[u],M [v]] = 0; (60)
and this is a strong equality.
[D[u], D[v]] = D[uv′ − vu′] ≈ 0. (61)
And finally
[M [u],M [v]] = 0, (62)
strongly.
We see that the constraint algebra closes, and the constraints are self-consistent.
The equations of motion are:
ω˙1 = λ
2NqP1 + ω
′
0; (63)
q˙ = kNqΠq −Nω1 + (qN1)′ −N1pω1 + ω0p; (64)
p˙ = −NkqΠp +N ′ + (N1p)′ −N1qω1 + ω0q; (65)
P˙1 = NΠq +N
1 (qΠp + pΠq) (66)
Π˙q = −k
2
NΩ+N1DΠq − ω0Πp; (67)
Π˙p = N
1DΠp − ω0Πq. (68)
In the above we have defined:
Ω˜ :=
1
2
(−kΠ2p + kΠ2q + λ2P 21 − λ2) (69)
V. SOLUTIONS
The gauge is fixed by
p ≈ 0, ω1 ≈ 0, Q := q − 1 ≈ 0. (70)
8The consistency conditions for this choice are, respectively:
N ′ + ω0 − kNΠp ≈ 0; (71)
ω′0 + kCNP1 ≈ 0; (72)
(N1)′ + kNΠq ≈ 0. (73)
The constraints reduce to
Hs =
k
2
Ω˜−Π′p ≈ 0; (74)
D = −Π′q ≈ 0; (75)
M = Πp − P ′1 ≈ 0. (76)
Now from Eq.(75) we have that Πq = Πq(t) is an integration (spatial) constant. We use this and Eq.(76)(which
allows us to replace Πp by P
′
1) in Eq.(74) to get the second order differential equation
P ′′1 +
k
2
(P ′1)
2 − λ
2
2
P 21 −B = 0, (77)
where
B :=
k
2
Π2q −
λ2
2
. (78)
There are two classes of solutions to (77). This can be seen as follows. Define:
C1 := e
kP1
[
(P ′1)
2 − λ4(kP1 − 1)2 +Π2q
]
(79)
It is easy to verify that
C′1 =
1
2
ekP1P ′1
[
P ′′1 +
k
2
(P ′1)
2 − λ
2
2
P 21 −B
]
(80)
Thus the solutions bifurcate into two classes:
P ′1 = 0 →
λ2
2
P 21 −B (81)
P ′1 6= 0 → C1 = C1(t) (82)
As we will see, the first condition requires that the torsion be zero. It leads to a solution-space of lower dimension.
The second condition allows for non-zero torsion.
A. Torsion-less Solutions
This class of solutions of the Hamiltonian constraint has P ′1 = 0, and hence
P 21 +
kΠ2q
λ2
= 1. (83)
In this case the Gauss Law constraint M = 0 implies Πp = 0. If we now use these in the equation of motion (68) for
Π˙p, we find that either ω0 = 0 or Πq = 0. If we use the former in the consistency condition 0 = ω˙1 = ω
′
0 + λ
2NP1,
then either N = 0, which leads to a degenerate geometry, or P1 = 0. But P1 = 0 implies P˙1 = 0, and hence the
equation of motion for P˙1 implies Πq = 0. Hence we must have that both Πp and Πq are zero; that is, the metric is
torsion-free. Since Πq = 0 we now find from (83) above that P
2
1 = k
2 = 1.
We now find that from the consistency conditions (71) and (72) that
N ′ + ω0 ≈ 0; (84)
ω′0 + kλ
2N ≈ 0; (85)
9that N ′′ = kλ2N and N1 = N1(t). The function N is then of the form N0(t) sinλ(x− x0(t)), respectively
N0(t) sinhλ(x − x0(t)), as k > 0, respectively k < 0. In these expressions, N0(t), x0(t) are integration constants.
The metric is then of the form (with k < 0):
ds2 = − (N0(t) sinhλ(x − x0(t)))2 dt2 + (dx+N1(t)dt)2. (86)
We have not completely fixed the coordinate invariance. One can choose:
dy = dx +N1(t)dt (87)
As well, the lapse can be set to one using the residual time reparameterization invariance so that the metric becomes:
ds2 = − sinh2 (λ(y − y0(t)))dt2 + dy2. (88)
where
y0(t) := x0(t) +
∫
dtN1(t) (89)
The remaining free function y0(t) is related to the fact that we have not completely fixed the gauge invariance.
Indeed, the nontrivial consistency conditions, (60, 61), for the torsionless case, where Πp = 0, P1 = ±1/α boil down
to (84) and (85), respectively, which can be written as a matrix equation
φ′ = Aφ (90)
where φ = [N,ω0]
T and
A :=
(
0 −1
−kλ2 0
)
The system is preserved under linear transformations φ→ φ¯ = Lφ, where L is a 2x2 matrix:
L =
(
b1 b2
kλ2b2 b1
)
which has unit determinant if b21 − kλ2b22 = 1. Note that bi are functions of t. This is an O(1, 1) transformation.
We can use such a transformation to transform x˜0(t) away. Indeed, such a transformation is given by b1(t) =
−b0(t)λ cosh (λy0(t)), b2(t) = b0(t) sinh (λy0(t)). This gives N ∝ sinh (λy). Note that in this case b21 − kλ2b22 =
kλ2b20(t). On the other hand, if we choose to transform so that N ∝ cosh (λy), then we would have different b1, b2
satisfying b21 − kλ2b22 = −kλ2b20(t). Thus only one of these transformations is continuously connected to the identity
transformation.
Now consider the stationary metric
ds2 = −n2(z)dτ2 + q2(z)dz2. (91)
For this to have constant curvature, that is, for R = −2λ2, it is required that
qn′′ − q′n′ − kλ2q3n = 0. (92)
If you solve this for n(z) with k = −1 you get
n(z) = A cosh(λ(θ)) +B sinh(λ(θ)), (93)
where in general the integration constants A,B can be τ -dependent. In the above, θ′ = q(z). Now choose y as a new
coordinate, so that
∫
dzq(z) = y − y0(τ). The special case A = 0 is then
ds2 = − sinh (λ(y − y0(t)))dt2 + dy2. (94)
where we have scaled B away by a trivial coordinate transformation dt = B(τ)dτ .
The Ricci scalar for this metric is R = −2λ2, a metric with constant negative curvature. For k > 0 we get the
above, but with sinh replaced by sin. In this case R = 2λ2, giving us a space of constant positive curvature.
This solution, as we have seen is torsionless, and of constant curvature. In fact, the solution has a flat Yang-Mills
connection, that is, F iµν = 0. Furthermore, the expression τ
µν , which is quadratic in the Yang-Mills curvature, satisfies
τµν + λ
4
2 g
µν = 0.
10
B. Torsion-full Solution
One can verify that in the case P ′1 6= 0, the following is the first integral of Eq.(77)
(P ′1)
2 =
[
C1e
−kP1 + kλ2(kP1 − 1)2 +Π2q
]
=: f2(t, P1) (95)
where C1(t) is an integration constant. We note also that as we have seen above, Π
′
q = 0 and hence Πq = Πq(t).
Now it is easy see that Πp is given as a function of P1 from Eq.(76) by
Πp = P
′
1 = f(t, P1) = ±
1
k
[
C1e
−kP1 + kλ2(kP1 − 1)2 +Π2q
] 1
2 . (96)
Differentiate (71) with respect to x. We write, for notational ease r := P1. We get
N ′′ + ω′0 − k(Nf)′ = 0. (97)
We replace ω′0 according to (72) and write f
′ = ∂xrfr where fr = ∂rf to get
f2Nrr + (ffr − kf2)Nr − k(ffr + Cr)N = 0. (98)
The general solution is (according to MAPLE)
N(t, r) = fekr(B1(t)g +B2(t)), (99)
where B1(t), B2(t) are integration constants and g(t, r) is given by gr = e
−krf−3. We can now compute ω0(t, r) from
(71) to get
ω0(t, r) = −frN − B1(t)
f
. (100)
From (73) we find
(N1)r = −kΠqekr(B1(t)g +B2(t)). (101)
Now consider the equations of motion for the time derivatives of the momenta:
r˙ = NΠq +N
1f ; (102)
Π˙q = −f(Nfr + ω0); (103)
f˙ = N1ffr − ω0Πq. (104)
Consider the linear combination
frr˙ − f˙ = (Nfr + ω0)Πq , (105)
by (102) and (104). Use (103) on the right hand side to get
ΠqΠ˙q + f(frr˙ − f˙) = 0. (106)
According to (95)
d
dt
f2 = r˙(f2)r + C˙1(t)e
−kr + 2ΠqΠ˙q. (107)
Thus using this in (106) we get C˙1 = 0 and hence C1 is both a space and time constant.
From (103) we then get Π˙q = B1(t).
Consider again (104). After multiplying by f . The left hand side becomes, after using (95)
df2
dt
= 2kΠqΠ˙q. (108)
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Hence (104) becomes
2kΠqΠ˙q = (fN
1 +NΠq)(f
2)r + 2B1Πq, (109)
so that after canceling the left side with the last term on the right, we get using the expressions obtained above for
N,ω0, N
1:
0 = f(f2)rΠq
[
−kB1
∫ r
duekuf(u)−B2ekr + ekr(B1g(r) +B2)
]
= f(f2)rΠq
[
−kB1
∫ r
duekuf(u) + ekrB1g(r)
]
= f(f2)rΠq
∫ r
duf−3(u). (110)
where we integrated by parts to get the last equality. Since we have already seen that B1 = Π˙q, the most general
nontrivial solution is B1 = 0, so that Πq is a spatial and temporal constant.
To compute the shift vector N1, we solve (73). The solution contains an arbitrary function of time, but this in turn
is required to be zero by (102).
We now change the spatial coordinate from x to r, so that r˙ = 0. We also change to an new time coordinate τ by
dτ = B2(t)dt. Then all the equations of motion and constraints are satisfied by
f2 = C1e
−kr + kλ2(kr − 1)2 +Π2q; (111)
N(τ, r) = fekr; (112)
ω0(τ, r) = −ffrekr; (113)
N1(τ, r) = −Πqekr. (114)
The metric is
ds2 = −N2dτ2 + 1
f2
(
dr + fN1dτ
)2
. (115)
The Ricci scalar and torsion of the above are, respectively:
R = −2kλ2(r2 + kr − 1) (116)
T 0 = −kNqΠp = −kekr
(
C1e
−kr + kλ2(kr − 1)2 +Π2q
)
(117)
T 1 = NqΠq = Πqe
kr
√
C1e−kr + kλ2(kr − 1)2 +Π2q (118)
Thus the general solution with torsion depends on two integration constants, C1 and Πq. Event horizons exist for
negative C1.
VI. CONCLUSIONS
We have presented a study of DS/ADS/Poincare Yang-Mills gravity. As in general relativity, the theory is back-
ground independent, although this is done at the expense of reducing the symmetry group. We have shown that test
‘Higgs particles’ traverse geodesics with respect to the Lorentzian geometry determined by eiµ.
In two spacetime dimensions the action is a special case of the Katanaev-Volovich model. We completed the
Hamiltonian analysis of the vacuum theory, confirming the existence of a generalized Birkhoff theorem: the solutions
are static and parametrized by two parameters.
In addition one of us (JG) is working on Yang-Mills gravity in 4D with gauge group SO(4,2), in collaboration with
S. Rahmati and S. Seahra. In most work along these lines (see e.g. [4, 5]), the torsion is forced to be zero ab initio.
We will relax this, and explore implications, especially for cosmology.
We close by mentioning that there is another possibility in principle allows the construction of an action that is
invariant under the full gauge group. One can introduce two metrics: one is dynamical, and determined by the gauging
eaµ of the generator Ja. The other metric, the background gµν is chosen in a way informed by the uniformization
theorems in 2 and 3D. That is, given the topology, the manifold will admit a particular ‘round’ or homogeneous
metric. The idea is to choose the background to be precisely that round geometry. This procedure is well defined
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in two or in three dimensions, but there is a problem in four or higher dimensions, for which there is no known
uniformization theorem. Recall that the 3D uniformization theorem was proved using the Ricci flow [12]. The latter
exists in any dimension, and always converges to its fixed points, the homogeneous geometries. So one could require
that the background geometry is such that the Ricci flow of the geometry determined by the frame fields and spin
connection converges to it in the infinite limit of the flow parameter. However, given that we are really interested in
working with YM type actions, it is more sensible to postulate that the consistency is provided by requiring that the
Yang-Mills flow of the gauge potential A determined by the frame fields and spin connection flows to the background
‘round geometry’. In future work we will therefore consider an alternate theory wherein the background a metric
which is the appropriate homogeneous geometry for some topology.
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